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Abstract
Class D topological superconductors in 2 + 1 dimensions are known to have a Z16 classification in
the presence of interactions, with 16 different topological orders underlying the 16 distinct phases. By
applying the fermionic stacking law, which involves anyon condensation, on the effective Hamiltonian
describing the topological interaction of vortices in the p + ip superconductor, which generates the 16
other phases, we recover the braiding coefficients of vortices for all remaining phases as well as the Z16
group law. We also apply this stacking law to the time-reversal invariant Class DIII superconductors
(which can themselves be obtained from stacking two Class D superconductors) and recover their Z2
classification.
1 Introduction
Topological phases of gapped matter come in two varieties: topological orders and short-range entanglement
(SRE). Both kinds of phases cannot be deformed to the trivial system without closing the gap, and both
are beyond the Landau symmetry-breaking classification; however, topological orders exhibit topological
ground state degeneracy and topological excitations with fractional statistics, whereas SRE phases lack
those characteristics and instead exhibit a nontrivial boundary theory. Fractional quantum Hall systems
are well-known examples which exhibit topological order [1, 2]. SRE phases can be symmetry-protected,
such that they become trivial in the absence of symmetry – in this case they are called symmetry-protected
topological (SPT) phases – or they can exist in the absence of any symmetry, in which case they are called
invertible topological orders.1
Some systems can be considered both as an SRE and as a topological order depending on the context
or the point of view chosen. Conventional superconductors in 2 + 1 dimensions are a well-known example.
From the fermionic perspective (where we consider the mean-field BCS Hamiltonian), the system is an SRE,
as there are no anyonic excitations – and in fact belongs to the trivial phase as an SRE. On the other hand,
if we consider the physical superconductor, taking into account the electromagnetic gauge field, the vortex is
no longer a boundary defect but an anyonic excitation of the system, and in fact the superconductor exhibits
the same topological order as the toric code [4]. This is a bosonized system obtained by gauging fermionic
parity.
This idea can be applied to topological superconductors in 2 + 1d to obtain 16 different topological
orders, or topological quantum field theories (TQFT), given by the fusion and braiding rules of the anyonic
quasiparticles [5]. These correspond to different number of layers of the basic p + ip superconductor mod
16, given by the Chern number ν. In [5] the 16 different TQFTs were computed algebraically from the
fusion rules and then matched to the Chern number through bulk-boundary correspondence. We will exploit
the dual perspective of fermionic SRE/bosonic topological order to understand these phases from stacking
the bulk TQFTs, without having to refer to the boundary. More precisely, we will stack the effective
1Note that we are using the definition of SRE due to Kitaev [3], which merely requires that they are invertible under stacking;
some authors use a different definition involving local unitary transformations
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Hamiltonian describing the topological interaction of vortices in the p + ip superconductor and show that
we obtain the correct braiding statistics of vortices for each of the 15 other phases. We also describe how
the Z2 classification of time-reversal invariant Class DIII superconductors comes about from stacking the
corresponding bosonic topological orders.
2 Review of topological superconductors, the 16-fold way, and
anyon condensation
2.1 Vortices in topological superconductors
Consider the p+ ip superconductor in 2 + 1 dimensions [6, 7]:
H =
1
2
∑
p
(
c†p c−p
)( p2
2m − µ 2i∆(px + ipy)
−2i∆∗(px − ipy) − p
2
2m + µ
)(
cp
c†−p
)
. (1)
µ > 0 gives the trivial phase with Chern number ν = 0, while µ < 0 leads to the topological phase with
ν = 1. If we stack n copies of the nontrivial system, we get ν = n. Layers of p− ip superconductors give a
negative contribution to the Chern number. These phases together form a group Z under stacking, which is
the well-known result for Class D systems in 2 + 1 dimensions [8]. In this picture, these phases are clearly
invertible and hence are SRE phases.
A p-wave superconductor in the presence of a vortex (modelled by the winding behavior of the phase
of the order parameter, ∆ = ∆0(r)e
iϕ where ϕ(θ) = θ) has a zero-energy Majorana solution to the BdG
equations. The Majorana zero mode is exponentially localized to the vortex:
γ =
∫
rdrdθig(r)
[
−eiθ/2c(r, θ) + e−iθ/2c†(r, θ)
]
(2)
where g(r) is exponentially localized at r = 0.
If we have two vortices, we obtain two Majorana zero modes γ1 and γ2, each localized to the respective
vortex core. Exchanging these vortices results in [9]
γ1 7→ γ2
γ2 7→ −γ1. (3)
This result can be obtained by keeping track of the branch cuts in the order parameter as we exchange the
positions of the two vortices. We can also understand the minus sign on one of the Majorana modes as a
requirement for the fermionic parity operator iγ2γ1 to be invariant under the exchange.
2.2 The interacting classification: the 16-fold way
In the absence of interactions we have the Chern number invariant ν, which tells us the net number of
layers of the p + ip superconductor. In the presence of interactions, this integer classification breaks down
to a Z16-classification, which is based on the underlying TQFTs, here given in terms of the type of anyon
excitation, and their fusion and braiding rules. In particular, they can be distinguished by the the braiding
statistics of vortices [5, 10]. We shall denote these phases by Pν , ν = 1, ..., 16.
Here we summarize the results from [5] which will be relevant. Rabc will denote the braiding coefficient
of a and b in fusion channel c, and Mabc = (R
ab
c )
2 will denote the phase due to the double exchange of a and
b in fusion channel c (also called the monodromy coefficient): when a and b are of different types, only the
double exchange yields a topologically invariant phase factor.
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When ν ∈ Z16 is odd, we have the Ising topological order, consisting of three anyons 1, σ, ψ with the
fusion rules
σ × σ = 1 + ψ
σ × ψ = σ
ψ × ψ = 1. (4)
The braiding coefficients are given by:
Rσσ1 = θe
iαπ4
Rσσψ = θe
−iαπ4 (5)
where θ := θ(ν) = eπiν/8 and α = (−1)(ν+1)/2.
When ν is even, we have an abelian theory, but the exact fusion rules depend on whether ν = 0 or 2 mod
4. If ν = 0 mod 4, we have the toric code fusion rules, or the Z2 × Z2 fusion rules: four anyons 1, e,m, ψ
with fusion rules
e× e = m×m = ψ × ψ = 1
e×m = ψ
e× ψ = m
m× ψ = e. (6)
The braiding coefficients for vortices (e and m) are
Ree1 = R
mm
1 = e
πiν/8
Memψ = −eπiν/4. (7)
When ν = 2 mod 4, we have the Z4 fusion rules: four anyons 1, a, ψ, ā with
a× a = ā× ā = ψ
a× ā = 1
a× ψ = ā
ā× ψ = a (8)
and the braiding coefficients are
Raaψ = R
āā
ψ = e
πiν/8
Maā1 = e
−πiν/4. (9)
2.3 Fermionic stacking and anyon condensation
Ref. [5] obtained the above results by computing the possible braiding coefficients for each type of fusion
rules, and matched each theory to the Chern number by invoking the bulk-boundary correspondence. If we
could instead obtain these theories by stacking the basic ν = 1 system, we would have a way to match the
Chern number to a given TQFT from a purely bulk picture, and we could also hope for a better understanding
between the even and odd phases (e.g. how do we get abelian topological orders by stacking two non-abelian
topological orders?) and the structure of the braiding coefficients as a function of ν. In order to carry this
out, we first need to review the correct way to stack these systems.
While the TQFT underlying the p + ip superconductor is correctly described by the Ising topological
order, naively stacking two Ising TQFTs, P1  P1 leads to a theory with 9 anyons, rather than the correct
ν = 2 topological order. These phases are certainly not invertible under this kind of stacking law – reflecting
the fact that, as bosonic systems, they are topological orders rather than SREs. However, as fermionic
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systems, they are SREs, and under the proper fermionic stacking law they are indeed invertible and form a
group.
For the Ising topological order without extra structure, the fermion is treated as an anyon, in the sense
that it corresponds to a nontrivial superselection sector, while in a fermionic theory we should consider the
fermion to a local excitation (possible to create or annihilate by a local operator) [11]. From this perspective,
the Ising TQFT or the toric code theory, which contains a fermion, are modular extensions of the trivial
fermionic theory consisting only of 1 and ψ [11]. The correct stacking law is defined in [12], and in this case
reduces to first using the bosonic stacking law and then condensing the (ψ,ψ) particle [13, 14].2 3 We will
denote this fermionic stacking by f .
An anyon which has trivial braiding with itself can be condensed and is called a condensable boson (for
a non-abelian anyon, we require that it has trivial self-braiding in at least one of the fusion channels, though
we will only have to deal with condensing abelian anyons). After condensation, several things happen: (1)
anyons which nontrivial braiding with the condensed boson become confined; (2) anyons related by fusion
with the condensed boson are identified; (3) other anyons can split into different anyons [16, 17].
Let us illustrate this with an example which will be relevant [16]. If we (bosonically) stack two theories
with Ising fusion rules, we obtain a theory with nine anyons: (1, 1), (1, σ), (1, ψ), (σ, 1), (σ, σ), (σ, ψ), (ψ, 1).
We can condense (ψ,ψ), which is a boson. Then,
(1, σ) ∼ (1, σ)× (ψ,ψ) = (ψ, σ)
(σ, 1) ∼ (σ, 1)× (ψ,ψ) = (σ, ψ)
(ψ, 1) ∼ (ψ, 1)× (ψ,ψ) = (1, ψ) (10)
and (1, σ) and (σ, 1) are confined. Indeed, physically there should be only one gauge field, whose flux through
the system creates vortices on both layers. (σ, 1) and (1, σ) correspond to vortices which independently live
on a single layer, and are forbidden in a physical superconductor.
We are left only with (1, 1), (σ, σ), and (1, ψ). (1, 1) clearly takes the role of the vacuum, which we denote
by 1̃, and (1, ψ) is a fermion, which we denote by ψ̃.
Note that
(σ, σ)× (σ, σ) = (1, 1) + (1, ψ) + (ψ, 1) + (ψ,ψ) ∼ 1̃ + 1̃ + ψ̃ + ψ̃. (11)
As (σ, σ) fuses with itself to two copies of the vacuum in the condensed phase, (σ, σ) cannot be a single type
of anyon – it actually splits into two anyons.
One possibility is that it splits as (σ, σ) 7→ e+m with
e× e = m×m = 1̃
e×m = ψ̃. (12)
It is easily verified that (e+m)× (e+m) = 1̃ + 1̃ + ψ̃+ ψ̃. Then, we end up with four anyons 1̃, ψ̃, e,m with
Z2 × Z2 fusion rules.
Another possibility is (σ, σ) 7→ a+ ā with the fusion rules
a× ā = 1̃
a× a = ā× ā = ψ̃. (13)
This also satisfies the condition that (a+ ā)× (a+ ā) = 1̃ + 1̃ + ψ̃ + ψ̃. Then we obtain a theory with four
anyons 1̃, a, ā, ψ̃ with Z4 fusion rules.
Which kind of theory we end up with depends on the exact braiding coefficients of the Ising theory we
are stacking, and can be determined algebraically: see e.g. [14]. We shall see that in the case of the 16-fold
way, stacking gives a simple and concrete way to determine the fusion rules for even ν.
2In the language of [13, 15], this corresponds to gauging the Z2 one-form symmetry generated by (ψ,ψ).
3Ref. [14] also uses condensation of layers of the Ising topological order to obtain the fusion rules and as well as the topological
spins of vortices for the 16-fold way phases. We will however obtain the braiding coefficients in a more direct manner by stacking
effective Hamiltonians.
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3 Effective Hamiltonian for vortices of an odd ν phase
3.1 Braiding coefficients and superselection sectors
Consider two vortices, with the corresponding Majorana zero modes γ1 and γ2 respectively. These combine
into a single set of creation and annihilation operators,
a =
1
2
(γ1 + iγ2)
a† =
1
2
(γ1 − iγ2) (14)
and act on a Hilbert space C2 spanned by |0〉 and |1〉, which are respectively unoccupied and occupied with
respect to a, a†.
As discussed in Sec. 2.1, braiding two vortices results in
γ1 7→ γ2
γ2 7→ −γ1. (15)
This can also be derived by the following reasoning: the states |0〉 and |1〉 formed from two Majorana modes
differ by a fermion. If we do a 2π rotation of the whole configuration, it is equivalent to two braids between
v1 and v2, and hence should give us a R
2. On the other hand, a fermion acquires a sign under 2π rotation,
so |0〉 7→ |0〉 and |1〉 7→ −|1〉, i.e. R2 =
(
1 0
0 −1
)
= iγ2γ1, i.e. it just acts by fermionic parity and hence
reverse the sign of each γ. This is achieved by a single R taking γ1 7→ γ1, γ2 7→ −γ2 or vice versa, since γs
have to be real.
The operators γ1 and γ2 generate Cl(2) ' Mat(2,C) which acts on the C2 spanned by the states |0〉
and |1〉. From the fermionic point of view, which considers fermions to be fundamental particles, the two
basis states belong to the same superselection sector. From a bosonic point of view, however, they belong
to different superselection sectors: the bosonic operators 1 and γ1γ2 are both diagonal in this basis, so there
is no way to move from one state to another if we employ only bosonic operators.
Recall that the Ising topological order describes a bosonized picture of the topological superconductor:
the anyon ψ corresponds to a nontrivial superselection sector since there is no local bosonic operator which
can create it out of the vacuum 1. Let us denote the states in the two superselection sectors 1 and ψ, which
are the two possibilities we can land on when fusing two σ particles (which carry Majorana modes), as |σσ; 1〉
and |σσ;ψ〉. These should correspond to the states |0〉 and |1〉, which are even and odd, respectively, under
the fermonic parity iγ2γ1. Since we do not a priori know which one is odd and which is even, we write [5]
iγ2γ1|σσ; 1〉 = −α|σσ; 1〉
iγ2γ1|σσ;ψ〉 = +α|σσ;ψ〉 (16)
for some α = ±1.
The operator on C2 which accomplishes Eq. (3) by conjugation is
R = θe−
π
4 γ1γ2 = θe−i
π
4 (iγ2γ1) (17)
where θ is a phase factor (which can be interpreted as the topological spin of the σ anyon [5]). By noting
how iγ2γ1 acts on the states |σσ; 1〉 and |σσ;ψ〉, we see that Rσσ1 = θeiα
π
4 and Rσσψ = θe
−iαπ4 .
If ν = 1 mod 4, α = −1. Since iγ2γ1 is fermionic parity, this means that (−)F |σσ; 1〉 = +|σσ; 1〉, i.e. the
fusion channel 1 corresponds to the “unoccupied” state |0〉; similarly, ψ corresponds to the “occupied” state
|1〉.
On the other hand, if ν = 3 mod 4, α = +1, and we have iγ2γ1|σσ; 1〉 = −|σσ; 1〉, etc. The fusion channel
1 corresponds to |1〉 and ψ to |0〉.
Note that R as an operator acting on C2 is fixed to be of the form θe−π4 γ1γ2 ; the difference between
P4n+1 and P4n+3 is in how one interprets the fusion channels in terms of the fermionic states, and this will
be important for stacking.
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3.2 The Effective Hamiltonian for two vortices
Consider an odd ν system. A Hamiltonian describing the interaction of two σ vortices can be written in the
form:
H =
1
2m
(
(~p1 − ~A1)2 + (~p2 − ~A2)2
)
+ V (1)(|~r1 − ~r2|) + iγ2γ1V (2)(|~r1 − ~r2|). (18)
This Hamiltonian acts on the Hilbert space L2(R2)⊗L2(R2)⊗C2, where C2 is spanned by the occupied and
unoccupied fermionic states.
The kinetic term is determined by the braiding rules. We write
~A1 =
F (ν)
|~r1 − ~r2|2
(−(y1 − y2), x1 − x2) (19)
as the gauge field felt by the vortex 1 due to vortex 2. F (ν) is a ν-dependent factor valued in End(C2); it
takes the form
F (ν) = − i
4
γ2γ1 +
ν
8
. (20)
The expression for ~A2 is similar.
V (1) is some potential term which does not act on the internal C2, and V (2) is some Hermitian potential
(iγ2γ1 is itself Hermitian) which splits the energies of the two states in C2. In [18] the splitting energy is
calculated to be V (R) ≈ −2 ∆0
π
3
2
cos pFR+
π
4√
pFR
e−R/ξ for large separation R  ξ where ξ is the superconducting
coherence length and ∆0 is the mean-field value of the superconducting order parameter ∆. This can affect
the braiding phases by some non-universal factor, but we will assume that the vortices are far enough apart
that we can ignore the potential terms, and focus on the universal properties of their braiding.
In terms of complex coordinates z = x+ iy, x = z+z̄2 , y =
z−z̄
2i and
~A1 · d~r1 = F (ν)
(
1
2i
dz1
z1 − z2
− 1
2i
dz̄1
z̄1 − z̄2
)
. (21)
This Hamiltonian is constructed to give the braiding coefficients Eq. (5). If vortex 1 encircles vortex 2,
which corresponds to a double-braiding, the wavefunction changes by
ei
∮
~A1·d~r1 = exp{2πiF (ν)} = exp
{π
2
γ2γ1
}
e
iπν
4 (22)
which produces the correct double-braiding coefficients, i.e. the square of Eq. (17). Even though we have
given the general form of the effective gauge fields and effective Hamiltonian which work for any odd ν, we
will see that we can obtain each of them by starting with the ν = 1 system and repeatedly staking layers of
it.
When ν is even, we have multiple types of vortices and hence the effective Hamiltonian describing the
interaction of vortices depends on the specific types of vortices we consider. The form of the Hamiltonians
for even ν will be written down when we discuss stacking; see Sec. 4.1.1 for a concrete example for ν = 2.
4 Stacking: even from odd-odd
4.1 Stacking two ν = 1 systems
Now that we have written down the effective Hamiltonians for odd ν (hence, in particular, for ν = 1) we shall
verify that we can obtain the braiding statistics of vortices of other phases by stacking the ν = 1 system.
We discuss here in detail the case P2 = P1 f P1; all other cases of stacking two odd systems to get an even
system follow the same structure.
First, take the ν = 1 system with two vortices, of Eq. (18):
H =
1
2m
(
(~p1 − ~A1)2 + (~p2 − ~A2)2
)
+ V (1)(|~r1 − ~r2|) + iγ2γ1V (2)(|~r1 − ~r2|). (23)
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We stack it with the same system; we write the second layer as
H̄ =
1
2m
(
(~̄p1 − ~A1)2 + (~̄p2 − ~A2)2
)
+ V (1)(|~̄r1 − ~̄r2|) + iγ̄2γ̄1V (2)(|~̄r1 − ~̄r2|) (24)
where the bars simply denote that we have different coordinate and momentum variables, as well as different
Majorana operators, from the first layer, even though the two are formally the same. The gauge fields ~Ai
on the second layer are written in terms of the barred Majorana operators γ̄i and the barred coordinates r̄i.
Stacking these two systems, we obtain
H ′ = H ⊗ 1+ 1⊗ H̄ (25)
acting on (L2(R2))⊗4 ⊗ C4. H ′ depends on four coordinates z1, z2, z̄1, z̄2, which are the positions of the
first and second vortex on the two layers. Recall that we need to condense the (ψ,ψ) anyon in the stacked
phase in order to get to the resultant fermionic phase. This condensation does three things: confinement,
identification, and splitting.
Confinement occurs for the (σ, 1) ∼ (σ, ψ) and (1, σ) ∼ (ψ, σ) anyons. This can be achieved by introducing
a potential such as V ∼ e|zi−z̄i|, which forces the position of the vortices on each layer to be the same – there
is no way to move zi independently of z̄i, so (σ, 1) and (1, σ) are confined. After confinement, we obtain:
H =
1
2m
(
(~p1 − ~A1)2 + (~p2 − ~A2)2
)
+ (potential terms) (26)
where γ̄1 and γ̄2 are the Majorana modes of the second ν = 1 layer, and
~A′1 · d~r1 =
(
−1
4
(iγ2γ1 + iγ̄2γ̄1) +
1
4
)
1
2i
(
dz1
z1 − z2
− dz
∗
1
z∗1 − z∗2
)
. (27)
This leads to the braiding operator
R = (eπi/8)2 exp
{
−π
4
γ1γ2
}
exp
{
−π
4
γ̄1γ̄2
}
. (28)
Since α = −1 for both layers, we note that, for example, R|00〉 = Rσσ1 Rσσ1 |00〉 = e−πi/4. Repeating this
for the other three basis states, we obtain the full braiding matrix in the {|00〉, |01〉, |10〉, |11〉} basis:
R =

e−iπ/4 0 0 0
0 eiπ/4 0 0
0 0 eiπ/4 0
0 0 0 ei3π/4
 . (29)
Figure 1: Majorana modes on each layer paired up
After confinement, we are left with the (σ, σ) anyon, and since it fuses with (ψ,ψ) to itself there is no
further identification of anyons needed. The remaining question is the splitting of (σ, σ) into a+ ā.
Just as two σ anyons on a single layer behave as either 1 or ψ when zoomed out and considered together
(as in Figure 1), the two σ anyons on two different layers behave as either a or ā when considered together;
7
Figure 2: Majorana modes on each vortex paired up
see Figure 2. Since they differ by a fermion (ā = a×ψ and a = ā×ψ), we look for eigenstates of the fermionic
parity operator localized to a single vortex – that is, we change the basis from the eigenbasis of iγ2γ1 and
iγ̄2γ̄1 to the eigenbasis of iγ̄1γ1 and iγ̄2γ2. With respect to localized fermionic parity, we will denote the
even state by |a〉 and the odd state by |ā〉. The expression for the new basis states in terms of the old basis
is given by:
|aa〉 = |01〉 − i|10〉√
2
|aā〉 = |00〉 − i|11〉√
2
|āa〉 = |00〉+ i|11〉√
2
|āā〉 = |01〉+ i|10〉√
2
. (30)
Under braiding, |aa〉 and |āā〉 transform with a phase of eπi/4 while
|aā〉 7→ e−iπ/4|āa〉
|āa〉 7→ e−iπ/4|aā〉. (31)
These are the correct braiding coefficients for P2, Eq. (9).
Note that |aa〉 should belong to the superselection sector ψ since a × a = ψ, and since |aa〉 is a linear
combination of |01〉 and |10〉, each of which belongs to the superselection sector ψ from 1 × ψ = ψ, this is
consistent with the fusion rules Eq. (8). The same holds for the other three states, and this confirms that
the ν = 2 phase indeed has Z4 fusion rules, as opposed to Z2 × Z2 fusion rules.4
4.1.1 Effective Hamiltonian for ν = 2
Let us discuss what the effective Hamiltonian looks like. The stacked Hamiltonian acts on C4. If we take
the |aa〉 sector,(
−1
4
(iγ2γ1 + iγ̄2γ̄1) +
1
4
)
|aa〉 = 1
4
(|01〉 − |01〉 − i(−|10〉+ |10〉)) + 1
4
|aa〉 = 1
4
|aa〉. (32)
4Another way to pin down the fusion rules is the following: we can distinguish between the two fusion rules by noting that
two vortices of the same type fuse to 1 in the Z2 × Z2 case but they fuse to ψ in the Z4 case; 1 will of course have trivial
braiding, while ψ will acquire a phase −1 under exchange. In the former case, we need Ree1 = 11/4, and in the latter case,
Raaψ = (−1)
1/4. In the ν = 2 phase, |aa〉 7→ eiπ/4|aa〉 under braiding, and since (eπi/4)4 = −1, it is of Z4 type.
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Hence, in this sector, we get the Hamiltonian
H =
1
2m
(
(~p1 − ~A1)2 + (~p2 − ~A2)2
)
+ (potential)
~A′1 · d~r1 =
1
4
1
2i
(
dz1
z1 − z2
− dz
∗
1
z∗1 − z∗2
)
. (33)
This Hamiltonian clearly reproduces the phase eiπ/4 under braiding as it should. The |āā〉 sector works
similarly, and the end result is the same. On the other hand, when we consider |aā〉, we need to consider it
together with |āa〉 since |aā〉 and |āa〉 transform into each other after braiding. The sector spanned by |aā〉
and |āa〉 is C2 = Span{|00〉, |11〉}, and restricting to this to the subspace we see that the gauge field takes
the form
~A′1 · d~r1 =
1
4
(
−1 0
0 3
)
1
2i
(
dz1
z1 − z2
− dz
∗
1
z∗1 − z∗2
)
. (34)
in the |00〉 and |11〉 basis.
Now we convert this to the |aā〉 and |āa〉 basis. Noting how
(
− 14 (iγ2γ1 + iγ̄2γ̄1) +
1
4
)
acts on the two
states, we see that in this basis the gauge field takes the form
~A′1 · d~r1 =
1
4
(
1 −2
−2 1
)
1
2i
(
dz1
z1 − z2
− dz
∗
1
z∗1 − z∗2
)
. (35)
The Hamiltonian describing the interaction between an a vortex and a ā vortex will take the form
H =
1
2m
(
(~p1 − ~A1)2 + (~p2 − ~A2)2
)
+ (potential) (36)
in the |aā〉, |āa〉 basis, where ~A takes the above form.
The Berry phase from the gauge field for a half braid results in
eiπ[
1
4 (1−2σ
x)] = eiπ/4e−iπ/2σx (37)
acting on the states |aā〉 and |āa〉, and this reproduces Eq. (31).
4.2 Stacking ν = 1 with ν = −1
Now we consider stacking P1 with P−1. The general structure of the argument is the same as for the stacking
of P1 with itself, but there are slight differences which will lead to a Z2 × Z2 theory (representative of cases
where we end up with ν = 0 mod 4). The particular case of ν = 0 also has time-reversal symmetry and is
related to Class DIII systems, which will be discussed in Sec. 4.3.
We start with H for two vortices in the phase P1:
H =
1
2m
(
(~p1 − ~A1)2 + (~p2 − ~A2)2
)
+ (potential) (38)
and add a second layer in the phase P−1:
H̃ =
1
2m
(
(~̃p1 − ~̃A1)2 + (~̃p2 − ~̃A2)2
)
+ (potential) (39)
where we denote by γ̃1 and γ̃2 the Majorana modes of the second layer.
After stacking, the total Hamiltonian is again H ′ = H ⊗ 1 + 1 ⊗ H̃, acting on
(
L2(R2)
)⊗4 ⊗ C4. The
condensation process proceeds in the same way as in the P1 f P1 case, and after confinement we obtain:
H ′ =
1
2m
(
(~p′1 − ~A′1)2 + (~p′2 − ~A′2)2
)
+ (potential) (40)
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where ~A′1 · d~r1 = 14
(γ1γ2+γ̃1γ̃2)
2i
(
dz1
z1−z2 −
dz∗1
z∗1−z∗2
)
. Note that the overall phase factors θ(ν) cancel each other
out.
The braiding matrix will then be
R = exp
{
−π
4
γ1γ2
}
exp
{
−π
4
γ̃1γ̃2
}
. (41)
We follow the same steps as in the P1 f P1 case. Now, α = −1 for the first layer and α = +1 for
the second layer, so the state |00〉 = |0〉 ⊗ |0〉 corresponds to the state in the fusion channel 1 on the first
layer and ψ on the second layer. Thus we have, for example, R|00〉 = (Rν=1)σσ1 (Rν=−1)σσψ |00〉 = e−πi/2|00〉.
Repeating this for the other states, we compute the braiding matrix in this basis to be
R =

−i 0 0 0
0 1 0 0
0 0 1 0
0 0 0 i
 . (42)
Now we consider the system in a different basis: instead of thinking of C4 as C2layer1 ⊗ C2layer2, we think
of it as C2vortex1⊗C2vortex2, where each vortex carries two Majorana modes γi, γ̃i. Each vortex carries a space
C2 whose states are eigenstates of the vortex-localized fermionic parity operator iγ̃1γ1 or iγ̃2γ2. On each
C2vortexi we have an even state |e〉 and an odd state |m〉; the total fermionic Hilbert space C4 is spanned by
the basis |ee〉 ≡ |e〉1⊗ |e〉2, |em〉, |me〉, and |mm〉. We can write these states in terms of the old basis states
as:
|ee〉 = |01〉 − i|10〉√
2
|em〉 = |00〉 − i|11〉√
2
|me〉 = |00〉+ i|11〉√
2
|mm〉 = |01〉+ i|10〉√
2
. (43)
Since we know how the states |00〉, |01〉, etc. transform under braiding, we can compute the behavior
of the new basis states under braiding. We see that Ree1 = R
mm
1 = 1; and also that R|em〉 = −i|me〉 and
R|me〉 = −i|em〉, from which we see that Rem1 Rme1 = Mem1 = −1. These are indeed the correct braiding
coefficients for the toric code, Eq. (7).
We also note that |01〉, for example, corresponds to fusion channel 1 on both layers (this is different from
the P1 f P1 case, since α is now different for each layer). Hence e× e = 1, which is consistent with Z2×Z2
rather than Z4 fusion rules.5
The effective Hamiltonians involving different types of vortices can be obtained from this braiding matrix
in the same manner as the P1 f P1 case.
4.3 Action of time-reversal and Class DIII superconductors
In the P1 f P−1 system, we have time-reversal (TR) symmetry which acts as [7]
γi 7→ −γ̃i
γ̃i 7→ γi. (44)
5Again, we can also confirm this by looking at the braiding phases. Since the ν = 0 phase has |ee〉 7→ |ee〉 under braiding,
and (Rvv)4 = 14 = 1 so it is indeed of Z2 × Z2 type.
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This flips the sign of the fermionic parity operator on each vortex:
iγ̃iγi 7→ −iγ̃iγi (45)
Hence, |e〉 and |m〉 map to each other under time-reversal.
Stacking a p+ ip (which belongs to P1) and a p− ip superconductor (which belongs to P−1), we obtain a
superconductor in Class DIII, a system that is protected by time-reversal symmetry from deformation to the
trivial system. If we break time-reversal symmetry, we can deform it to the s-wave superconductor, which
has the toric code as its underlying topological order [4]. In the s-wave superconductor, the vortex m and
the sector which has a vortex and a fermion e = m × ψ are unrelated by time-reversal symmetry, whereas
we have seen that in the nontrivial Class DIII TR-invariant superconductor the TR operation exchanges e
and m. Thus, on the level of the TQFT, this nontrivial TR action distinguishes it from the trivial phase.
Now let us see what happens when we stack the two nontrivial TR-invariant superconductors. Since the
underlying topological order is the toric code, we stack two copies and condense the (ψ,ψ) particle. Most
combinations are confined – we are left with
1′ = (1, 1) ∼ (ψ,ψ)
ψ′ = (1, ψ) ∼ (ψ, 1)
e′ = (e, e) ∼ (m,m)
m′ = (e,m) ∼ (m, e) (46)
and the new theory obeys the toric code braiding and fusion rules, as it should. The only difference is in the
action of TR: since TR exchanges e and m in the original systems being stacked, we see that the new e′ and
m′ anyons are invariant under TR. Thus we have obtained the the trivial phase by stacking two copies of
the nontrivial phase, and this recovers the well-known Z2 classification of Class DIII systems in 2 + 1d [7, 8].
Note how this works from the perspective of effective Hamiltonians: With the two systems stacked,
we could have terms like iγ1γ̃1V1 which is now local (unlike iγ2γ1V ). This would break the degeneracy
between the e and m particles, since iγ1γ̃1|e〉 = +|e〉, iγ1γ̃1|m〉 = −|m〉. However, under time-reverasl,
iγγ̃ 7→ −iγ̃(−)γ = −iγγ̃, so such terms are not TR-invariant.
On the other hand if we take e.g. the ν = 2 phase, there is no TR symmetry, so nothing prevents us
from adding such terms which would lift the degeneracy between a and ā. As discussed in [10], there are no
stable Majorana bound states in even ν phases, unless we protect them by a symmetry.
5 Stacking: odd from even-odd
5.1 P3 = P2 f P1
Let us first consider stacking P2 with P1. We are stacking the anyons 1, a, ā, ψ of P2 with the anyons 1, σ, ψ
of P1 and condensing the (ψ,ψ) anyon. Most of the combinations are confined, and we are left with
1′ = (1, 1)
σ′ = (a, σ) ∼ (ā, σ)
ψ′ = (1, ψ) ∼ (ψ, 1) (47)
with the usual fusion rules for the Ising TQFT, Eq. (4).
As we saw in section 4.1, there are four different ν = 2 Hamiltonians for two vortices, corresponding to
the sectors |aa〉, |aā〉, |āa〉, and |āā〉; each Hamiltonian acts on a Hilbert space L2(R2) ⊗ L2(R2). Consider
the |aa〉 sector, which has the Hamiltonian as in Eq. (33), with gauge field
~A′1 · d~r1 =
1
4
1
2i
(
dz1
z1 − z2
− dz
∗
1
z∗1 − z∗2
)
. (48)
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Let us stack this with a ν = 1 system, which is just the Hamiltonian in Eq. (18),
H =
1
2m
(
(~p1 − ~A1)2 + (~p2 − ~A2)2
)
+ iγ2γ1V (|~r1 − ~r2|) (49)
with
~A1 · d~r1 =
(
− i
4
γ2γ1 +
1
8
)(
1
2i
dz1
z1 − z2
− 1
2i
dz̄1
z̄1 − z̄2
)
. (50)
The total Hilbert space becomes
(
L2(R2)
)⊗4 ⊗C2, but after condensation, forcing the vortex (a or ā on the
first layer and σ on the second) position to be the same on the two layers, we are left with
(
L2(R2)
)⊗2⊗C2.
The resulting Hamiltonian again takes the general form of Eq. (18), though F (ν) and hence the braiding
coefficients are now different. This Hamiltonian now describes the interaction of two (a, σ) particles, and
having an internal fermionic Hilbert space C2 is consistent with the fusion rules
(a, σ)× (a, σ) = (ψ, 1) + (ψ,ψ) ∼ ψ + 1. (51)
The result actually should be the same if we had started with the |āā〉 sector or the sector containing
|āa〉 and |aā〉, since (a, σ) ∼ (ā, σ). Regardless of which Hamiltonian we chose for the ν = 2 phase, after
fermionic stacking, we end up with a single type of vortex, described by a Hamiltonian of the type Eq. (18).
Let us confirm that we get the correct braiding coefficients. First, consider the case where we have started
with the |aa〉 sector. The braiding matrix for the ν = 1 phase is diag(e−iπ/8, e3πi/8) for the braiding of two σ
vortices. However, for the ν = 3 phase we need to switch the two components: the ν = 3 vortex σ′ = (a, σ)
has fusion
σ′ × σ′ = (ψ, 1) + (ψ,ψ) = ψ′ + 1′. (52)
Hence, if we are in the 1 sector of the ν = 1 phase that is being stacked, we are in the ψ′ sector of the ν = 3
phase, and vice versa. Thus, Rσ
′σ′
1′ = e
3πi/8 and Rσ
′σ′
ψ′ = e
−πi/8 up to the additional phase coming from the
as. After multiplying by a phase eiπ/4 from the exchange of two as, we get
Rσ
′σ′
1′ = e
5πi/8
Rσ
′σ′
ψ′ = e
πi/8. (53)
These are indeed the braiding coefficients for the ν = 3 phase, Eq. (5). Since Rāāψ = R
aa
ψ , the same argument
would hold had we started out in the |āā〉 sector.6
5.2 General braiding coefficients from stacking
Recall that for any odd ν, we have Rσσ1 = θ(ν)e
απi/4 and Rσσψ = θ(ν)e
−απi/4, where θ(ν) = e
νπi
8 and α = −1
for ν = 1 mod 4 and +1 for ν = 3 mod 4.
The value of α can be understood from the stacking perspective in the following way. A ν = 1 mod 4
phase is obtained by stacking P1 with a P4n; the latter phase has e and m type vortices. After stacking, we
get the vortex σ′ = (σ, e) ∼ (σ,m), with the fusion rule
σ′ × σ′ = (1, 1) + (ψ, 1) = 1′ + ψ′ (54)
so the sectors 1′ and ψ′ of P4n+1 correspond to the sectors 1 and ψ of P1. Hence we get α = −1 (since P1
has α = −1).
On the other hand, P4n+3 = P1 f P4n+2, and since P4n+2 has a and ā type vortices, P4n+3 has the
vortex σ′ = (σ, a) ∼ (σ, ā) with the fusion rule
σ′ × σ′ = (1, ψ) + (ψ,ψ) = ψ′ + 1′, (55)
6If we had worked in the sector consisting of |aā〉 and |āa〉, we may not immediately get the correct coefficients for Rσ′σ′i
since Raā1 and R
āa
1 do not have invariant meanings. On the other hand, if we first compute the topological spin of σ
′ and the
double-braiding/monodromy coefficients Mσ
′σ′
i , which have invariant meanings, and then compute R
σ′σ′
i , we will arrive at the
correct result.
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so the sectors 1′ and ψ′ of P4n+3 correspond to the sectors ψ and 1 of P1 respectively. This means that the
braiding coefficients Rσσ1 and R
σσ
ψ need to change places, compared to those for P1 (and θ(ν) is unaffected
since it is common to both). Thus we see that α = +1 for P4n+3.
We can also think of an odd phase Pν as the stacking of P2 with some other odd phase Pν−2. By the
above logic, stacking with P2 changes the sign of α; on the the hand, the braiding coefficients for the vortex
σ′ of Pν also acquires a phase eiπ/4 from the braiding of the a vortices of P2. Hence the overall phase behaves
as
θ(ν) = e2πi/8θ(ν − 2). (56)
Thus we see that, whenever ν advances by 2, going from an odd phase to an odd phase, the value of α
gets reversed and θ(ν) increases by e2πi/8. This means that once we are given the braiding coefficients for
one odd phase, we can obtain those of all the other odd phases immediately.
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